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It is with some misgivings that I enter upon a discussion
which involves questions of history. The teacher who seeks light
does not usually look back upon the dingy past, but moves for-
ward in the endeavor to catch the first rays of a new day. But
in so doing he must not forget that a knowledge of the past ex-

periences frequently enables him, when in the jungle, to recognize
the points of the compass, and the direction toward the rising
sun.
The teacher of mathematics has long recognized the aid he may

derive from the study of the history of his science. The hero-
ology of the history of physics has been found to stimulate inter-
est. There are signs of an increasing appreciation of the history
of chemistry and other natural sciences. Last December an elo-
quent plea was made before the American Anthropological As-
sociation for the study of the history of medicine and natural
sciences. European recognition of the importance of this study
is seen in the fact that the universities of Berlin and Vienna
have each two professors for the history of medicine.
Of the twentieth century we are told that "one of its primary

tendencies has been towards a restoration of our lost connection
with the eighteenth centuy and with earlier periods, resulting in
a movement of such earnest and impressive character that we
cannot foretell at the present moment whether the eighteenth
century will not, at some day not far off, seem nearer to us than
the sober prose of the nineteenth."2 It is my purpose to con-
sider the relation of the present to previous centuries, and to sec
what lessons may be drawn from such a retrospect. I trust that
you will bear with me for five or ten minutes if by way of illus-

"^Kead before the eeneral meeting- of the Central Association of Science and Mathe-
matics Teachers, at St. Louis, Nov. 29, 1907.

8Science, June 7, 1907, p. 890.
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tration, I make a rapid historical survey of a special topic in

elementary geometry, namely, of the subject of areas of polygons
and of curves. In considering the concept of area, no one doubts
that the ancient Egyptians had just as clear an idea of the area
of a piece of land as the Yankee boy has of the size of the Ameri-
can dollar. Yet, at the time of the building of the pyramids the
Egyptians knew no science of geometry. Their ideas were

purely intuitive. When it came to the numerical calculations of
areas, or as we might express it, to the arithmetization of the
areal concept, they were greatly at fault; their formulas being
only crude approximations. More successful attempts at the
arithmetization of the area-concept were made by the early
Babylonians who, as shown by the recently discovered Nippur
Tablets,3 had the correct rules for finding the areas of squares,
rectangles, right triangles and trapezoids. The long epoch of
empirical geometry of areas was succeeded in the time of Pythag-
oras by a period which made appeals to reason. Two of
Euclid’s propositions on areas (Prop. 28 and 29 in Bk. VI.) are
attributed to the Pythagoreans, while Pythagoras himself con-
structed a figure equal to one and similar to another given figure,
and proved the theorem of the three squares, known by his name.
But the treatment of areas was still one-sided. Greek geom-

etry before Archimedes eschews all mensuration, all arithme-
tization of the area-concept. With Archimedes comes deeper
insight. In his work on the Sphere and Cylinder, he stated ex-
plicitly as an assumption what before him everyone had felt to
be true, but had never explicitly set forth as an assumption,
namely: that, in the case of two unequal lines, surfaces, or solids,
there exists a certain multiple of the lesser which exceeds the
greater. This is the famous postulate of Archimedes. It asserts
that it is possible, for instance, by taking a sufficient number of
steps, to cover the distance of a block. Without it the number
TT , as the expression -of the ratio of the circumference to the
diameter, has no meaning. In a non-Archimedean geometry,
which assumes that this postulate does not hold, it would be pos-
sible to take upon a segment an arbitrary number of steps without
reaching the end of the segment. Such a state of discontinuity
lies outside the sphere of our experience. With Euclid the

3H. V. Hilprecht, Mathematical, Metrolozical and Chronological Tablets from the
Temple Library of Nippur, published by the Babylonian expedition of the University of
Pennsylvania, 1906. Reviewed in Bull. Am. Math. Soc. Vol. XIII, 1907, p. 392.
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Archimedean postulate is hidden in one of the definitions (Def.
4, Bk. V.). ^Magnitudes are said to have a ratio to one an-
other, when the less can be multiplied so as to exceed the other."
As long as an argument involves assumptions which are not

explicitly set forth in the mind, the logic is imperfect. We are
dealing with syllogisms without a major premise and we are to
the extent of that practice really not making deductions at ally
but are merely giving expositions of the facts of our experience.
To say that John Smith is a mining man, and therefore a gam-
bier, may be a true description of the man, but the statement is
no syllogism, unless there is a major premise, such as, that all
mining men are gamblers. If this general statement is-found
untrue, then further specifications are in order for a precise pre-
sentation of the case. In all Greek geometry, it is tacitly assumed
as self-evident that polygons and all closed curves in a plane
possess area. But we know now that this is not true of all closed
curves.
The need of defining the concept sum^ greater, less in connec-

tion with areas and other geometric quantities was first empha-
sized about forty years ago by the Frenchman, Duhamel.4 It
must be shown that figures, especially those which are unlike in
form, are capable of comparison with respect to content. I pass
by a considerable number of able writers on this subject and come
down to Hilbert5 of Gottingen. In the effort to be specific and
at the same time to get along with the least possible number of
postulates, Hilbert and other geometers have found it desirable
to distinguish between polygons having equal content and those
having equal areas. Two polygons have equal area if they are
made up of the same finite number of parts, congruent in pairs.
Two polygons are of equal content, if other polygons equal in
area can be added to each, so that the resulting polygons are equal
in area. From this last definition it follows easily that two
parallelograms of equal base and altitude have equal content.
Hilbert was able to prove all of Euclid’s theorems on content
without the use of the Archimedean postulate. But Hilbert, Hal-
sted, and other authorities agree that without the postulate of
Archimedes it is not possible to prove the simple theorem that two
triangles having equal base and equal altitude, are equal to each
other in area.

klo^Lie^S^^^ paris 1865-68’ 21 p- 445- see also Enc^
6 Foundations of Geometry by D/Hilbert, transl. by E^. J. Townsend, 1902. § 18.
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When it comes to plane surfaces bounded by curves the prob-
lem is still more difficult. We must resort either to the method
of exhaustion of the ancients or to the theory of limits. But it
is not self-evident that a closed figure in a plane has a definite
area. In fact, a few years ago Osgood6 of Harvard gave an

example of a closed curve in a plane, confined in a finite region,
which has no definite area. This fact calls for all sorts of pre-
cautions in reasoning. The theory of area is closely related to
the theory of curves which bound these surfaces. On the subject
of curves, other startling results have been reached, which have
swept the naive intuitionalists off their feet. The critical school
of mathematicians have discovered curves, that are continuous
within certain intervals, yet possess no length and have no tan-
gent lines.7 It has discovered curves, the so-called surface-fill-
ing-curves, which are continuous curves containing every point
in a square. To the naive intuition these results of abstract
thought are incomprehensible. A curve has been defined as the
path of a point, but in view of the startling results just named,
it is desirable to restrict the definition. No one method of
restriction has as yet been generally agreed upon, and we have
the rather unique spectacle of mathematicians being divided in
the definition of a curve, after two thousand years of assiduous
study of geometry.

In the historical evolution of the area concept we have an
illustration of how visual perception was very prominent at first,
but was gradually replaced by logic. The successive stages from
crude intuition to rigorous logic may be imagined in the form of
huge steps as represented bj successive ranges of mountains
viewed from the distance. From the plain in front rise the foot-
hills and beyond tower successive elevations, appearing in the
form of a gigantic stairway, leading to the highest elevations of
abstract thought. The instructive part of all this is that the
advance has not been by one sudden rise to the topmost elevation,
but through several successive stages like an echelon.

This echelon mode of progress might have been seen in other
concepts than that of area. It might have been seen in the con-
cept of length of a line, or still better, in the general attainment
of our knowledge of the axioms of geometry or of algebra.
Do these considerations carry any lessons to the teachers of
eTrails. Am. Math. Soc. Vol. 4, 1903, p. 107.
^^e<s.Encykloi>aedied.Math. Wiss. Ill A B 2, 8, or F. Klein Anwcndunr dcr Diff u

nt. Rechnung auf Geom., lycipzig-, 1907, p. 238, etc.
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to-day? If we are justified in assuming that in many respects
the experience of the race, and of the individual coincide, then
there can be no doubt. Biologists teach that the human being
goes through the same physical development as do the animals
immediately below him. The embryo develops echelon fashion.
through successive steps common to the lower animals.
The detection of a corresponding law respecting intellectual

growth is more difficult, but the belief in its existence has been
entertained by such men as Pestalozzi, Herbert Spencer, Felix
Klein and Poincare. This law may be stated as follows: The
individual passes through the same general stages of intellectual
growth as did the race. If, therefore, we are familiar with the
history of thought in the race, we can predict the most natural
course of ascent in the individual. Considering then the teaching
of geometry, history tells us to rely greatly upon intuition in the
early stages, and to make no sudden and abrupt change to se-
verely rational demonstration. Modern critics warn readers to
take no notice of geometric figures or diagrams. Among them,
geometry without diagrams is the order of the day. This is the
very highest step in the echelon of geometric abstraction. In my
judgment it should not be attempted at all in secondary education,
but should be postponed until the advanced college and graduate
courses. I claim that it would be a mistake in early secondary
courses to attempt the consideration of "betweenness assump-
tions" or of the Archimedean assumption of continuity. It
would be a mistake to require a beginner to prove that a sect in
a plane polygon cuts the polygon if sufficiently produced. Intui-
tion yields these results instantaneously, and the pupils’ relish
in the exercise of intuitive power should not be rudely shattered.
For logical puzzles he has as little sympathy as had Diogenes for
the argument put before him by a sophist to the effect that mo-
tion was impossible. Diogenes refuted the argument, not by
abstract logic, but simply by getting up and walking around his
tub. I cannot forbear repeating for the benefit of those who
favor ultra-rigor in high school mathematics a verse quoted by
Professor E. W. Brown:

"The centipede was happy till
One day the toad in fun

Said, Tray, which leg comes after which?’
This raised his thoughts to such a pitch,
He lay distracted in the ditch,
Not knowing how to run."
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Let the young child temporarily accept as self-evident, theo-

rems which appeal to his intuition. A few months after he will,

under skillful leadership, begin to feel the need of increased

rigor. He, himself, will rise one step higher in the echelon

toward making mathematics more mathematical.
Before long the honest pupil will crave a still greater perfec-

tion in reasoning, and he rises a second step higher. He will

thus be ascending of his own free will the same stairway which

the’ race has been climbing during historic times. It should be

the duty of the teacher to encourage the pupil to rise in the

echelon to higher and higher levels of ratiocination. But it is

here, where in past ages teachers have failed. In England, where

Euclid has held sway until recently, the pupil was placed from

the very start on a high level, and he was seized by dizziness in

the rarified air of abstract logic.
As early as 1570, when the study of geometry was at a low ebb

in the universities, Sir Henry Savile, Warden of Merton College
in Oxford, endeavored to create an interest in the subject by
giving a course of lectures on geometry. He confined himself
mainly to the early part of the first book of Euclid, and he en-

deavored to present the fundamental ideas to untutored minds
with all the rigor known to his day. On concluding the course
he used the following language: ^By the grace of God, gen-
tlemen hearers, I have performed my promise; I have redeemed
my pledge. I have explained, according to my ability, the defi-
nitions, postulates, axioms and the first eight propositions of the
Elements of Euclid. Here, sinking under the weight of years,
I lay down my art and my instruments."8 Need we marvel if
sinking under the weight of logical and philological subtleties,
the pupils failed to exhibit marked enthusiasm for geometry ?

In Germany and France where for long periods of time, in
former centuries, text-books like those of Clairaut, Lacroix and
Kambly were used, no pretension was made at rigor of demon-
stration; the pupil was kept on the level of crude intuition all
the time. There was no effort to lead him on to greater perfec-
tion in reasoning; no effort was made to scale mountains. Both
modes of procedure are radically wrong.
The historic and, I believe, the pedagogic method is to start

at the bottom with ’sense-perception, with the "art of handling

«W. Whewell Hist. of the Ind. Sciences Vol. I, New York, 1858, p. 205. See also Cajori

Hist. of Elem. Math., New York, 1896, p. 281.
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the rule and compasses/’ and then gradually to rise to higher
levels of abstraction.

"Thus the inner world grows wider as the outer disappears
And the soul, retiring inward, finds itself beyond the spheres/’

The present day tendency in England appears to be in the

right direction. There is no evidence of an alignment with the

modern critical school of mathematicians. The British are com-

ing to view school geometry more from the genetic standpoint
and less and less from the severely logical standpoint.
You may wish me to support my views with the authority of

great names. There is perhaps no greater living mathematician
than Poincare. He says that one cannot blame writers of text-

books for lack of rigor.9 "They are obedient to neces-

sity; the beginner is not prepared for real mathemat-
ical rigor; he would see therein only useless and wearisome
subtility in trifles; it would be a waste of time to lead him pre-
maturely to more pretentious efforts; he must run rapidly the
course which the founders of the science have surveyed leisurely,
but in so doing he must keep in mind continually the distances
he has passed over." Had I time I could add to the testimony
of this great Frenchman the testimony of a great German. No
one has been more prominent during the past fifteen or twenty
years in furthering mathematical education than Felix Klein of
Gottingen. Many gifted young men of America have gone to

Germany to sit at the feet of this modern Gamaliel. Felix Klein
has been interested in Americans, and during the World’s Fair
in Chicago he delivered in Evanston a series of lectures on
mathematical subjects. Not only does Klein believe, in intuition
for elementary mathematical instruction, but he believes that
even the mature mathematician, when engaged in research, can-
not dispense with it. ("Evanston Colloquium," p. 45.)
There are cases on record where great men have resorted

not only to intuitional, but also to experimental mathematics.
Galileo, to whom we owe the name "cycloid" and who is prob-
ably the inventor of this graceful curve, found the approximate
area of the cycloid by cutting it and the generating circle out
of cardboard, and then weighing each piece. He found that

9We are quoting- from P. and 3^. I^indemann’s German translation of Poincau-e’s
Wissenschaft und Hypothese, I^eipzig-1906, p. 5. A translation from the French into Eng-
lish has been made by G. B. Halsted.
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the cycloid weighed nearly three times as much as the gener-
ating circle.10 This incident is interesting,’ since it illustrates
the possibilities, and also the limitations of experimental mathe-
matics. Experimentally, Galileo was not able to show that one
area was exactly three times the other; in fact, he believed that
the two areas were incommensurable. Undoubtedly the lab-
oratory method of teaching mathematics has its advantages, but
it has also its disadvantages. Experimental errors frequently
conceal the simple relations actually existing. Moreover, the
pupil is in danger of concluding that geometry is made up of
relations that are mere approximations.
Does history throw out any hints on the teaching of algebra?

The first traces of algebra are found in the Ahmes Papyrus
and the cylindrical tablets of Nippur, both dating from about
2,000 years B. C. Algebra was deeply pondered by Diophantus,
by the Hindus and Arabs, by the mathematicians of the Ren-
aissance, but only during the past hundred years have the fun-
damental laws of algebra been the subject of serious contem-
plation and successful treatment. The mathematicians of the
eighteenth century, including Euler, Lagrange and Laplace, did
not give proofs, now considered satisfactory, of the rule that
the product of two negative numbers is positive, for the reason
that they did not explicitly assume as major premises the requi-
site fundamental laws of algebra. At no time in the history of
geometry has there been such restlessness, such groping in the
dark as there was in algebra during the eighteenth century.
Negative and imaginary numbers gave rise to endless debate.
Not until Wessel, Argand and Gauss discovered a graphic rep-
resentation of the imaginary number did the storm abate.
Greater rigor came with the famous researches of D. F. Gre-
gory, De Morgan, Peirce, Hamilton, Grassmann, Kronecker and
Cayley.
Do these facts point a moral? When ten or a dozen years

ago one of our large publishing houses brought out a begin-
ner’s algebra, which gave on the first few pages a discussion of
the associative, distributive and commutative laws, I began to
wonder what the success of the book would be. Before very
long a second edition appeared, in which no mention of these
laws was made. The systematic mode of exposition was forced

10 See Cantor Gesch. d. Mathem., Vol. 2, lyeipzig-. 1892, p. 810.



HISTORY OF SCIENCE 93

to yield to the genetic. The interest of a schoolboy does not
lie in severely logical exposition.

Mathematicians of the Renaissance fairly rioted in the appli-
cation of algebra to the solution of problems. Even earlier,
Diophantus and the Hindus took delight in problem working.
Says Brahmagupta (628 A. D., p. loo) : "These problems are

proposed simply for pleasure; the wise man can invent a thou-
sand others, or he can solve the problems of others by the rules
given here. As the sun eclipses the stars in brilliancy, so the
man of knowledge will eclipse the fame of others in assemblies
of the people, if he solves them." Has this sentence from
Brahmagupta, written twelve centuries ago, no lesson for us?
Without concerning himself with the nicer question of funda-
mental principles, he revels in doing things. Our boys and
girls enjoy algebra best when they are doing things, when they
are solving concrete problems. For mind training, is not the
concrete side of arithmetic and algebra more efficient than the
abstract? The concrete side affords an unlimited variety of
exercises, simple in logic, while the abstract side contains very
little which comes within the pupil’s sphere of interest and com-
prehension. We are breaking away from the ideal of the Massa-
chusetts teacher who boasted: "My pupils may not know the
multiplication table, but they know something far more precious,
the meaning of multiplication."

Another point is made clear by history. In the Babylonian
tablets and the Egyptian papyrus of four thousand years ago,
arithmetic, algebra and geometry are not segregated; they ap-
pear as one. We do not always quite know whether we are
reading arithmetic, geometry or algebra. Algebra and geometry
originated simultaneously and served as a mutual stimulus to

rapid development. Evidently the "correlation" of the different
branches of elementary mathematics is not an idea that orig-
inated in America, or that had its birth in the nineteenth cen-
tury. It is coeval with mathematics itself. Much of our dis-
cussion on correlation and other methods of teaching is merely
an effort not to lose the acquisitions of previous ages. It is an
effort to ward off an era of pedagogic decadence; it is the annual
renewal of our ideals. In the hands of a skillful teacher, corre-
lation has always proved to be a fruitful idea. By skipping and
sampling and pressing the keys lightly until something is touched
that absorbs the interest of the pupil, great results are reached.
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But when subjects are dwelt upon which do not come within
the pupil’s interest and experience correlation becomes a dan-

gerous expedient. The correlation of algebra and geometry as

exhibited in graphic work has great possibilities and great dan-
gers. Ultra enthusiasm for refinements in graphics may be as

dangerous as is ultra conservatism. To systematically intro-

duce into a course in elemetary algebra problems in specific
gravity, specific heat, accelerated motion and kinetic energy is

a practice fatal with young pupils in a high school. With pupils
who find algebra hard, and have no grasp of physics, a corre-
lation of this sort is a pedagogical blunder. The correlation
should be of a kind that will help, not hinder; illuminate, not
befog. A correlation of algebra and arithmetic, of algebra and
geometry precedes historically the correlation of algebra and
physics. The latter represents a more advanced stage of ab-
straction. Correlation, like liberty, may be a blessing or a curse,
according to the mode of its application.
The echelon mode of advancement is noticed also in physics.

Mechanics was at first empirical. The builders of the pyramids
achieved marvels without knowing Newton’s three laws of
motion. Take the theory of the lever. The correct principle
was given by Archimedes, but with him the intuitive element
figured largely. Later followed more careful study of the un-
derlying assumptions. The principles of mechanics were unrav-
eled very slowly, notwithstanding their importance in practical
life. Great intellects like Galileo, Descartes, Huygens and
Leibniz were divided on elementary questions. Galileo success-
fully mastered the first and second laws of motion. Descartes’
statement of the third law was false in substance. The motion
of bodies in direct impact was imperfectly understood by Gali-
leo, erroneously given by Descartes, and first correctly stated
by Wren, Wallis and Huygens. Descartes had no true notion
of acceleration, and in that respect did not rise as high as Galileo
had risen before him. Then began a curious dispute between
the followers of Descartes and the followers of Leibniz on the
measure of the efficiency -of a moving body. Descartes took this
efficiency to be proportional to the velocity, considering the time
during which it acted; Leibniz took it to vary as the square of
the velocity, considering the distance through which it acted.
The controversy lasted over a half a century, until D’Alembert
finally showed that both parties were in the right, but were
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considering this abstruse question from different standpoints.
In view of this long battle of giants need we marvel if our boys
and girls find it difficult to grasp the abstract ideas of physics?
Need we worry over the fact that such is the case? Should we
not cheerfully submit to the necessity of leading the pupil into
the subject gradually and of allowing him time to absorb the
new ideas? Do not fret over failures to reach immediate results
in the algebraic solution of problems in mechanics. Do not get
excited if the pupil fails to discriminate between weight and
mass. Galileo, Descartes, Leibniz and Huygens had no clear
notion of mass; by them weight and mass were taken inter-
changeably. In fact even the scientists of our own time are
far from satisfied with their present day mass-concept. And
when I say these things, I do not mean to advocate laxity. I
have as little sympathy as had Cardinal Newman" for a theory
of teaching in which "learning is to be without exertion, with-
out attention, without toil, without grounding, without advance,
without finishing." I believe in exacting requirements, but also
in the exercise of discretion as to the choice and order of topics,
and as to the time required for their absorption. In consider-
ing the tremendous strides which have been made in the ad-
vancement of laboratory courses in physics, there is one caution
that I venture to make. Historically, qualitative results in any
particular branch precede quantitative. The pupil’s acquaint-
ance with physical phenomena is usually limited. Hence the
need of repeating the great qualitative experiments of physics.
Count Rumford made water boil by the heat of friction half a
century before Joule began his precise measurements on the
mechanical equivalent of heat. We must not emphasize exact
measurements prematurely. Exactness came late in the history
of the science; it comes late in the growth of young minds.

This fact may be illustrated by a story. As late as the sev-
enteenth century two Frenchmen (Mersenne and Petit) fired
bullets vertically upward, expecting them to strike the ground
far to the westward, but the bullets could not be found. There-
upon Descartes, who was the French oracle of that time, was
consulted, and he seriously replied that the bullets had received
such intense velocity that they lost their weight and flew away
from the earth. An erroneous judgment like this is on a par
with that of a young girl who in the laboratory hesitated to

11 The Idea of a University, London, 1893, p. 142.
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touch a Le Clanche cell, fearing that she might receive a mortal
electric shock. Simple qualitative experiments can correct the
judgment in most cases like this; in others measurement and
computation become necessary. While a certain amount of
measurement is desirable in a good high school course, it should
nevertheless be recognized that the pupil is not yet sufficiently
advanced to profit by a severe course on precise measurements.
The mind of a high school boy is at first little more than a recep-
tacle for information of every kind; he heaps up all sorts of
knowledge as a treasure for a future day. As Cardinal Newman
puts it, these years are "the seven years of plenty with him. He
gathers with handfuls, like the Egyptians, without counting."
Somewhat later comes a higher step in the echelon of progress,
which brings the reduction of the heaps of facts into order and
system, and a more intense exercise of his intellectual power in
the critcal study of exact relations.

In closing let me say that I do not look upon history as a
universal and infallible guide in pedagogy. I see clearly that a
blind follower of the historic plan would at times be led into
evident absurdities. No one nowadays would follow the his-
torical order and teach logarithms before the theory of expo-
nents. We are able to take occasional short cuts which the
race in its advancement overlooked. But I feel that the con-
templation of the echelon development of the different sciences
carries with it suggestions which it is worth while for us to
test in the light of reason and experience. "He who reads at-
tentively will discover the threads of gold which run through-
out the web of history."
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